The fourth inequality from the end of the long chain of inequalities in the proof of Lemma 3.22 (Lemma 24 in the preprint) is wrong. Hence Lemma 3.22 and also Theorem 3.23 (Theorem 25 in the preprint) are wrong.
Introduction
Human thinking is often identified with reasoning with concepts. The fundamental role of concepts in reasoning is reflected in their pivotal role in the early development of logic. The learning on concepts constitutes one of the three parts of traditional (or Port-Royal) logic [1] .
On the intuitive level, the formation of human concepts (like Å ÅÅ Ä, Ê ÈÈÄ etc.)
is a typical example of what is meant by information granulation [21] . Concepts are thought of as granules of information which (on a higher level of abstraction) can be taken as units for reasoning. A formal theory of concepts and conceptual structures (so called concept lattices) inspired by the traditional logic has been initiated by Wille in [17] . The theory of concept lattices is now a well-elaborated one with direct applications in conceptual data analysis and conceptual knowledge representation (see [7] or the survey [19] ). A generalization of this theory (Wille's theory is, in fact, a theory of sharp (i.e. two-valued) concepts) from the point of view of fuzzy logic (graded truth approach [10, 11] ) has been presented in [2, 3, 4] . The aim of this paper is to study the similarity phenomenon in fuzzy conceptual structures. The motivation of our study is twofold: first, the study of similarities (on various levels) is apparently natural in the context of conceptual structures and, second, it is similarity due to which a reduction of complexity (of conceptual structures, in our case) can be attained (cf. the principle of incompatibility [13, pp. 329-330] ).
The organization of the paper is as follows. In Section 2 we recall the fundamental notions and results. Section 3 is devoted to the study of similarity relations. Section 4 contains an illustrative example.
Fuzzy concepts and concept lattices
By traditional (or Port-Royal) logic [1, 15] ) a concept is determined by its extent, a collection of all objects covered by the concept, and its intent, a collection of attributes (properties) covered by the concept. Thus, the extent of the concept Ç consists of all dogs (or living dogs at a fixed time at a fixed possible world to avoid the philosophical problems) while the intent of Ç consists of all attributes of all dogs (i.e. 'to bark', 'to be a mammal', 'to have four extremities' etc.). The primary relation appearing on concepts is that of hierarchical ordering. For instance, the concepts Ç and Ì are not comparable w.r.t. to conceptual hierarchy, while the concept Å ÅÅ Ä is more abstract (higher in the hierarchical ordering) than both Ç and Ì. A characteristic feature of empirical concepts (e.g. Á Ç ) is that the extent and the intent are non-sharp (fuzzy) collections (some dogs are bigger than others, various dogs belong to the extent to various (not only two, i.e. fully yes or fully no) degrees). In [2, 3, 4] a theory of fuzzy concepts and hierarchical structures of fuzzy concepts (fuzzy concept lattices) in the sense of traditional logic has been initiated as a generalization of the theory developed by Wille's group [7, 17, 19] . The point of generalization is the nonsharpness (fuzziness) of concepts which is not taken into account in Wille's theory.
Recall that the main purpose of fuzzy logic and fuzzy set theory [13] is to model non-sharp (fuzzy) phenomena. Formally, instead of the two-element Boolean algebra, a more general structure of truth values is employed. In [8, 9] , the author proposed to use a structure of a complete residuated lattice which (as turned out later on) plays an important role in fuzzy logic in narrow sense [12, 10, 14] holds for all Ü Ý Þ ¾ Ä.
Residuated lattices have been introduced in [16] . In each residuated lattice it holds that Ü Ý implies Ü ª Þ Ý ª Þ, and Ü Ý implies Þ Ü Þ Ý (isotonicity) and Ü Þ Ý Þ (antitonicity in the first argument). The operation ª is thus a Ø-norm [10, 13] , is called residuum. In the following we will deal with complete residuated lattices, i.e. Ä ¼ ½ is assumed to be a complete lattice. The Ø-norm ª and the residuum are intended for modelling of the conjunction and implication, respectively. The reason for using a monoidal conjunction and residuated implication is discussed in [9, 10] . Briefly, the monoidal properties meet the intuitive properties of many-valued conjunction. Obviously, the residuum is uniquely determined by the adjointness property (2.1) which itself corresponds to deduction rule modus ponens [10] . Supremum ( Ï ) and infimum ( Î ) are intended for modelling of the general and existential quantifier, respectively. A semantically complete first-order many-valued logic with semantics defined over complete residuated lattices can be found in [12] . Several special classes of residuated lattices serve as special structures of semantically complete logical calculi (for details see [10] ).
The most studied and applied set of truth values is the real interval ¼ ½ with Ñ Ò´ µ, Ñ Ü´ µ, and with three important pairs of adjoint operations: the Łukasiewicz one ( ª Ñ Ü´ · ½ ¼µ, Ñ Ò´½ · ½µ), Gödel one ( ª Ñ Ò´ µ, ½ if and else), and product one ( ª ¡ , ½ if and else). For the role of these 'building stones' in fuzzy logic see [10] . Another important set of truth values is the set (the ordering determines the complete lattice structure) ½ iff ½ and ½ , which implies that the only residuum operation is the classical implication operation , i.e.
¼ iff ½ and ¼ . Note that each of the preceding residuated lattices is complete.
The following identities of complete residuated lattices will be needed:
A fuzzy set (or Ä-set) in a universe set is a mapping Ä. The value ´Üµ ¾ Ä is interpreted as the truth value of 'the element Ü belongs to '. The set of all fuzzy sets in is denoted by Ä . For ½ ¾ ¾ Ä we write ½ ¾ iff ½´Ü µ ¾´Ü µ for all Ü ¾ .
Similarly, a binary fuzzy relation Ê between and is a mapping Ê ¢ Ä.
We now recall the basic notions of fuzzy concept lattices. The primary notion is that of a fuzzy context (Ä-context): it is a triple (b) is the collection of all objects having all the attributes of .
There are therefore two fundamental operators: which assigns to each fuzzy set ¾ Ä The conceptual hierarchy discussed above is modelled by the relation defined on
The set ´ Å Áµ equipped by is called a fuzzy concept lattice (Ä-concept lattice).
The following theorem describes the hierarchy and characterizes fuzzy concept lattices. 
some subset of Î ¼ . Notice that the lattice structure of concepts is very natural: to each set of concepts there is a concept which is their direct generalization (supremum) and a concept which is their direct specialization (infimum). In this perspective, the original (crisp) concepts lattices [17] the concept lattice reveals the conceptual structure hidden in the context and provides us with formalism for representing conceptual knowledge [17, 19, 7, 4] . If the information in the context is fuzzy, the fuzzy conceptual data analysis is an appropriate tool for handling it. Fuzzy concept lattice represents a conceptual granulation both of the set of objects and attributes equipped by a hierarchical order.
Concepts and similarity

Similarity relations
A crucial role in the way humans regard the world is played by the similarity phenomenon. In fuzzy set theory, similarity phenomenon is approached via so called similarity relations. By a ª-similarity relation (or fuzzy ª-equivalence relation, Ä-valued global equality) [13, 12, 20] on a universe Í it is meant a binary fuzzy relation satisfying the following properties for all Ü Ý Þ ¾ Í:
´Ü Üµ ½ reflexive and symmetric relations) are used instead of equivalence relations for modelling non-transitive similarities (e.g. two words are held to be similar if they differ by at most one letter). Tolerance relations may be considered also from the point of view of fuzzy approach, i.e. requiring only (3.1) and (3.2). We will not follow this way since all of the subsequently studied relations are defined by the generic rule (3.4) of Lemma 3.1 and are therefore transitive.
To be able to model the equivalence of truth values we have at our disposal the so called biresiduum (or biimplication) [12, 14] operation°defined by
The following lemma will be useful in the following considerations. is the largest ª-similarity relation compatible with all ¾ Ë . Moreover, ´Üµ ½ implies
PROOF. (1) is an immediate consequence of (2) Notice that for the crisp case (i.e. Ä ¼ ½ ), Ë is a crisp equivalence relation-two elements of the universe are equivalent iff there is no set of the family which separates them.
Similarity of objects and attributes
We are going to propose a way to measure similarity of objects and similarity of attributes of a given Ä-context. This similarity will be induced by the structure of Ä-concepts determined by the Ä-context. We prove that the similarity may be determined directly from the Ä-context which is relevant from the computational point of view. We are given (in some sense relevant) objects (elements of ) and their (observed) attributes (elements of Å). The given Ä-context gives rise to a complete lattice of all induced Ä-concepts. The idea of conceptual classification leads to the use of the induced conceptual structure ´ Å Áµ to define similarity relations on and on Å.
Consider the problem of similarity of objects. Informally, two objects ½ ¾ ¾ are similar if they cannot be separated by any concept, i.e. if for each concept it holds that ½ belongs to the extent of iff ¾ belongs to the extent of . This leads to the following definition of a relation
The relation ´ Å Á µ will be called induced (by ´ Å Áµ) similarity on . By Lemma 3.1 we immediately get the following statement. is the largest ª-similarity relation on compatible with the extents of all concepts of ´ Å Áµ.
From the computational point of view (we always assume both and Å to be finite if algorithmic aspects are concerned), the foregoing definition leads to the following algorithm for computing the similarity relation
: Take an Ä-context, generate all the Ä-concepts of ´ Å Áµ and determine the similarity of each pair ½ ¾ ¾ ¢ by (3.12). The Ä-concept lattice may be, however, quite extensive. This poses the question whether the computational cost can be reduced. We give a (exact) solution which reduces the computational costs significantly. Define a relation From the foregoing theorem we have also the following consequence which is in accordance with our intuition: If we are given family of (elementary) properties (attributes) of objects and consider the structure of concepts which is given by these properties then the similarity among objects considered w.r.t. the structure of concepts is the same as the similarity w.r.t. to only the basic properties.
In a completely analogous way we may get the following results for the similarity relations on Å. 
Similarity of concepts
The next level on which the similarity phenomenon will be considered is the level of concepts. Observe first the following fact. 
To answer the question of how the relations ÜØ and ÁÒØ are related, we derive some preliminary results. The next lemma states that the operators and preserve similarity. Similarity Relations in Concept Lattices 833 which holds iff the left side of the inequality is less than or equal to both members of the right side which are connected by . We check only the first of these inequalities, i. 
4).
The following corollary is immediate.
COROLLARY 3.9
Under the conditions of Lemma 3.8, it holds ´ ½ ¾ µ ´ ½ ¾ µ and ´ ½ ¾ µ ´ ½ ¾ µ.
Note that even without Lemma 3.8 we have, due to the properties of , that ´ ½ ½ µ ª ´ ½ ¾ µ ª ´ ¾ ¾ µ ´ ½ ¾ µ, i.e. if ½ and ½ , ½ and ¾ , ¾ and ¾ are pairwise similar then also ½ and ¾ are similar. Corollary 3.9 asserts a stronger result.
COROLLARY 3.10
Under the conditions of Lemma 3.8, it holds ´ ½ ¾ µ ª ´ ½ ½ µ ´ ½ ¾ µ and ´ ½ ¾ µ ª ´ ½ ½ µ ´ ½ ¾ µ.
PROOF. ´ ½ ¾ µª ´ ½ ½ µ ´ ½ ¾ µª ´ ½ ½ µ ´ ½ ¾ µ. The second part may be proved analogously.
The following result shows that the similarities of concepts by extents and intents are equal. To sum up,
We will therefore write instead of ÜØ and ÁÒØ and call it the induced similarity on concepts.
Compatible similarities and factorization
The primary importance of similarity relations in human reasoning is the reduction of the complexity of the outer world at a reasonable price. The complexity is reduced via considering the 'collections of similar elements in concern' rather than the particular elements themselves. This is just what is in the general system theory known as the abstraction process by factorization: moving from a given level of abstraction (distinguishability) one level up where the elements are collections of elements of the lower level. Instead of the original system one therefore considers the 'system modulo similarity'. The price paid is the loss of precision.
Our concern in the following is the reduction of the complexity of the concept lattice by factorization modulo similarity. The concept lattice of a given context represents the overall conceptual structure which can be considerably intricate. To get an insight one has to look for methods for reducing the complexity of the structure. In the two-valued (sharp) case, a considerable attention has been paid to this problem [7, 17] . In the many-valued (fuzzy) case, one would expect methods for gradual reduction of the complexity. The idea is to factorize the concept lattice by appropriate -cut of the similarity (note that ½ ¾ ´ ½ ¾ µ [13] ), controlling thus the complexity by ¾ Ä. Clearly, the lower ¾ Ä, the coarser the factorization. The process of factorization of a system consists of two steps. First, specification of the elements, and, secondly, specification of the structure of the factor system. Since both of the steps are non-standard in our case we will describe them in more detail. In general, algebraic systems can be factorized be congruences, i.e. equivalences compatible with the structure of the system. We deal with conceptual structures which are complete lattices. The -cut is clearly a tolerance relation (i.e. reflexive and symmetric), not transitive in general. Compatible tolerance relations on universal algebras have been extensively studied by Chajda [5] . In general, factorization of algebras by compatible tolerances is not possible. Surprisingly, Czédli [6] showed a way to factorize lattices by compatible tolerance relations. The construction has been then used for the factorization of complete lattices (and hence sharp concept lattices) [18] . In the following we describe the 
The justification of the construction is given by the following statement which follows immediately from [18] . for every ¾ ´ Å Áµ, ¾ Â.
Substituing (2.13) and (2.14) into (3.18) we get a more concrete description of the lattice operations.
Coming back to the induced similarity on ´ Å Áµ, the ultimate question is that of the compatibility of the -cuts of . Call a ª-similarity relation on ´ Å Áµ compatible if is a compatible tolerance relation on ´ Å Áµ for each ¾ Ä. Notice that for the two-valued (crisp) case the situation is completely uninteresting. Namely, as one easily checks, the only cases are Note that we have in no case to confine ourselves to the induced similarity . On the other hand, taking into account only ª-similarity relations satisfying ´ µ ª ´ ¼ ¼ µ ¼´ µ (which is quite natural-it reads 'object belonging to the extent of some concept belongs also to the extent of any similar concept') for each ¾ , Theorem 3.7 tells us that provides the most extensive reduction: for any other and each ¾ Ä, is coarser than . We will make use of the following lemma. LEMMA 3.13 For every 
The last inequality holds iff the left side is less than or equal to both of the conjuncts on the right side. As they can be handled analogously, we prove only
We have proved (3.19) . Lemma 3.13 has an interesting corollary stating that the similarity of any two concepts is less than or equal to the similarity of any of them to their direct join or meet. Theorem 3.15 and the above described construction yield a method for factorizing any Ä-concept lattice ´ Å Áµ by any -cut of the induced similarity . It is worth noticing that that the similarity is defined 'internally', i.e. it is not supplied from the outside.
REMARK 3.17
If Ä the algebra of intuitionistic logic (Heyting algebra) or the algebra of Gödel logic [10] then each -cut of is indeed a congruence relation.
Next we formulate a statement concerning the relation of the similarity and the hierarchy of concepts which shows that the further the concepts are in the hierarchy, the less similar they are. 
Similarity of concept lattices
Finally, we consider similarity of concept lattices. A natural way to define the similarity degree of two concept lattices over the sets and Å is based on the following intuition. Concept lattices ´ Å Á ½ µ and ´ Å Á ¾ µ are similar iff for each concept ½ ¾ ´ Å Á ½ µ there is a concept ¾ ¾ ´ Å Á ¾ µ such that ½ and ¾ are similar and, conversely, for each concept ¾ ¾ ´ Å Á ¾ µ there is a concept ½ ¾ ´ Å Á ½ µ such that ½ and ¾ are similar. In the following we write ½ and ¾ instead of ´ Å Á ½ µ and ´ Å Á ¾ µ, respectively. According to how the similarity of concepts is measured we distinguish two rules for the definition of the similarity degree of two concept lattices: £ ¾ ÜØ ÁÒØ , where we put
Note that ÜØ and ÁÒØ correspond to the cases when the similarity of concepts is measured by extents and by intents of concepts, respectively. However, Theorem 3.11 cannot be applied to show ÜØ ÁÒØ because concepts of different concept lattices are considered.
We are going to show that all of the above relations are in fact similarity relations, that they are equal, and that they are, moreover, equal to the similarity relation defined on the set of all contexts by
The following corollary follows directly from Lemma 3.6.
COROLLARY 3.19
The relation defined by (3.22 ) is the largest ª-similarity relation on Å Á Á ¾ Ä ¢Å such that Á ½´ Ñµ ª ´Á ½ Á ¾ µ Á ¾´ Ñµ holds for every ¾ , Ñ ¾ Å.
We need the following lemmata.
PROOF. Due to symmetry we prove only the first part, i.e. . . . , 'near to sun'). The corresponding fuzzy concept lattice is depicted in Figure 1 . 
To get a deeper insight, the elements (i.e. concepts) of the lattice are identified in Table 2 . The similarity relation on (cf. Theorem 3.4) is shown in Table 3 .
Consider now the -cut of the induced similarity on ´ Å Áµ for is depicted in Figure 3 . First, note that the concepts which were found depend on the fuzzy context which is given by a subjective judgement (e.g. to what degree we consider 'Mars is far from sun' to be true). Second, there are apparently natural concepts in the concept lattice (e.g. 14 ('small planet near to sun')), as well as concepts which 'were found' (e.g. 26 ('a planet far from sun which is at least partially large')). Concept no. 1 is an example of an empirically empty concept. Concepts which do not contain any element in the degree 1 in their extents (e.g. 1, 2, 3) are partially (empirically) empty. 
